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Abstract 

s; 

I . The crease set of an event horizon or a Cauchy horizon is an important object which determines qualitative 

t-H ' properties of the horizon. In particular, it determines the possible topologies of the spatial sections of 

the horizon. By Format's principle in geometric optics, we relate the crease set and the Maxwell set 
of a smooth function in the context of singularity theory. We thereby give a classification of generic 
topological structure of the Maxwell sets and the generic topologies of the spatial section of the horizon. 

m : 

^ ! 1 Introduction 

o : 

Topology is one of the fundamental qualitative properties of a black hole. It was investigated by many 
authors and now it is known that, under some reasonable conditions such as asymptotic flatness and 
the weak energy condition, each component of the black hole region is topologically trivial, i.e., simply 
connected £Q . On the other hand, there were numerical simulations which suggest non- trivial topologies 

^ | of the horizons [2J- There has been some confusion, but it is now well understood that even though 

the black hole region in the spacetime is simply connected, there are many possible topologies of spatial 

J> \ sections. In particular, one of the authors [2] showed how topology of the spatial sections of a black hole 

is related to the endpoint set, or similarly, the crease set, of the event horizon. Therefore the crease set 
rS | of an event horizon, or of a Cauchy horizon, is an important object which is independent from the choice 

of time slices and which determines qualitative properties of the horizon. Thus, to restrict the physically 
possible topologies of the black hole it is important to restrict the possible structure of the crease set. 

In this paper we classify the possible topological structure of the crease set. "Possible" structures are 
important because they are the only ones that actually appear in the real world. There are at least two 
ways to define the "possible" structure: by stability and by genericity. In both approaches we consider 
spacetimes with different metrics. A stable structure is the one that is invariant against small change 
of the metric. A generic structure is, intuitively, the one that we find when he randomly pick up a 
spacetime. Physically, the small change of the metric may be interpreted as follows. First, in theoretical 
treatment of the world, we always assume some simple evolution equation and equation of state for 
matter. The precise equations may never be known. Second, when we are to determine the spacetime by 
observations, we can never collect perfectly accurate data of field strengths or matter density at all points 
of the spacetime. There must be errors and limits. Third, if we consider quantum mechanics, the fields 
and the metric can actually fluctuate at small scales. We shall give the precise mathematical definitions 
later. One interesting thing is that the both approaches lead the same conclusion (Theorem [3} , namely, 
stability and genericity are equivalent. 

Our stability /genericity approach is complementary to the analysis of exact solutions such as the 
Schwarzschild and Kerr spacetimes because the exact solutions are usually obtained by assuming high 
symmetry and many of its properties, especially topological ones, are not stable against perturbations jl]. 
One approach and the results will serve as guiding principles in the study of the black hole spacetime in 
mathematical relativity or in astrophysics. 
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The studies in the present paper are common for event horizons and Cauchy horizons, except for their 
direction of time. Therefore we only consider event horizons in the rest of the present paper. The same 
results hold for Cauchy horizons. 

In Sect. |21 we dehne Fermat's potential in a general nonstationary spacetime representing a gravita- 
tional collapse which is essential for the crease set and its classification. In Sect. [21 we give the precise 
definition of the Maxwell set which corresponds to the crease set of the event horizon. We also define 
stability and genericity of the Maxwell set, and introduce concepts necessary for our investigation. We 
show in Sect.0]the equivalence of stability and genericity and obtain a list of stable Fermat potentials. We 
give in Sect.|Slthe classification of the stable Maxwell sets. In Sect. El we discuss the cases of spacetimes 
of dimension other than four. Sect. is for conclusion and discussions. 

For the terms and notations about causal structure of a spacetime, see, e.g., Ref. [5]. 

2 Fermat's principle and crease set 

An event horizon is generated by null geodesies. A future event horizon Ti cannot have future endpoints, 
but can have past endpoints if it is not eternal. As is pointed out in [3], the endpoint set £ of a horizon is 
an arc-wise connected acausal set. Points u € £ are classified by the multiplicity m(u) of u, the number 
of the generators emanating from u: 



The set C is called the crease set of the horizon. The crease set contains the interior of the endpoint set, 
i.e., the closure of C contains £ UJ. The crease set C equals the set of points of £ on which the horizon 
is not differentiable, i.e., the horizon is diffcrentiable at u 6 £ if and only if u € T> |S1|7]. 

The horizon Ti is the envelope of the light cone starting from the crease set C which is an arc-wise 
connected acausal subset of Ti. In particular, if the spatial section of the horizon is a topological sphere 
at late times, the topology of the spatial section of the horizon can be nontrivial only at the crease set 
and the topology is completely determined by the time slicing of the crease set. This is studied in Ref. [3j 
in detail. In particular, when the crease set is a single point, all the possible spatial section of the horizon 
is a topological sphere. On the contrary, when the crease set has a disk-like structure, the horizon can 
have toroidal or higher-genus spatial sections. One would see the coalesce of horizons if the crease set has 
a line- like structure 0- Therefore by classifying the structure of the crease set, we will know all possible 
topologies of the horizons. Here we do not assume that the spatial section of the horizon in the future is 
a sphere. 

The crease set can be determined by Fermat's principle in a simple stationary spacetime. In a non- 
stationary spacetime, we can extend Fermat's principle and find a variational principle about light paths, 
imposing some appropriate causality condition such as global hyperbolicity. Here we show an example of 
the construction of the Fermat potential. 

Let us assume that the spacetime M. is smooth and is globally hyperbolic from a smooth Cauchy 
surface S which is diffeomorphic to K 3 . Furthermore, we consider a spacetime of gravitational collapse, 
namely, we assume that the event horizon Ti is in the future of S. By global hyperbolicity, there are 
always an appropriate smooth global time coordinate t : M. — > R and a timelike vector field T such that 
dt{T) = 1. The spacetime M is foliated by Cauchy surfaces S t — {q G M\t(q) = t}. The vector field 
T = d/dt defines a smooth projection ir from M. into the S — St (see FigQ; 
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{ue£\ m(u) > 1}, 
{u G £ | m(u) = 1}. 



(1) 



7r : M 



S, 



{l(t)\^r=T, 7 (to) = q,teR}. 



(2) 



Conversely, there is a diffeomorphism 



(f> :Rx S ^ M, 

t(<fi(t, u)) = t, 7r((j)(t, u)) = u. 



(3) 
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Because TL is achronal, the restriction of tt on TL is injective and has an inverse, which we denote by ip: 

ip : ir(H) TL, 

ip{u) e TL, n(ip(u)) = u. (4) 

The map ip is Lipschitz. 

We take some (sufficiently large) t = t% and assume that St 1 n TL is diffeomorphic to a compact 
manifold M. We consider M as a fixed submanifold embedded in S so that St 1 <~)TL = ip(M). Consider a 
neighbourhood U of 7r(7i D J~(S tl )) in 5. For x <E M and u £ U we define Fermat's potential as follows: 

F(x, it) := - sup{f S R\<f>(t, u) G J" (i^))}- (5) 

The minimum points of F corresponds to the generator of TL through x. In particular, when the spacetime 
is static, the Fermat potential is the spatial geodesic distance, namely, 



F(x,u) = / yj jijdxidxj + const. (6) 

J X 

The projection 7r is generated by the timelike killing vector and 7^ is an induced metric of the hypersurface 
S orthogonal to the timelike killing vector. Our definition is the generalization of this geodesic distance 
function |JBJ| to the non-static spacetime. 
From JSJ), the crease set C is given by 

C = V^Maxwcll^)), (7) 

where i?Maxwoii(^) is the Maxwell set of F where F has two or more minimum points. We shall give a 
precise mathematical definition and a framework to study its properties later. 

Let us consider a small change of the metric on A4. To be precise, we may define the small change 
by a C°° Whitney topology on the metric tensor field on M.. Sufficiently small change of the metric 
leaves the vector field T timelike and the Cauchy surfaces St spacelike. The horizon near <S tl n TL changes 
only slightly in the spacetime M. |B]. This causes a small change of the diffeomorphism ip from M to 
ip(M) € Ti but the topology of M does not change. Also, the null geodesic system hence J~ changes 
slightly. These cause the Fermat potential F to be deformed slightly. In the sequel we shall study the 
stability and genericity of F and -BMaxweii(-F) against this deformation of F. 

In the formulation using such a potential function, actually a state space becomes infinite dimensional 
manifold, since we should not consider only the endpoints but also the path connecting them. However, 
if one can restrict the set of path into a finite dimensional family, the state space reduces to finite 
dimensional one UJ. Indeed, in our case, two different points on event horizon cannot be connected by 
more than one generators by the fact that the generators of event horizon cannot have future endpoint. 

On the other hand, in special cases one can take no spatial section on which there is no singular 
point of the horizon JOj • Of course, such a difficulty is resolved in other formulations using "Lagrange 
manifold" and the result will not change. We are not concerned with this any more in the following. 

The goal of our present study is to classify all generally possible structure about the singularities of 
the Fermat potential determining the horizon. As we shall see, the generic structure will be given by 
studying singularities of stable Fermat potentials concretely. The genericity or stability is defined as the 
property under small perturbations in a sense of Whitney C°° topology. On the other hand, the stable 
Fermat potential is equivalent to the universal unfolding (parameter deformation family of a function) 
with the same number of deformation parameters. Then our main task is to give a classification of the 
universal unfoldings. 

The above is a usual procedure when one discuss the bifurcation structure, so-called caustics, of a 
system. However, our main object here is not the bifurcation set but the Maxwell set (the difference will 
become clear later). The problem is not purely local but is rather semi-local. The definition of Maxwell 
set is local in control (parameter) space U but is non-local in state (variable) space M. To treat this we 
introduce function multigerms. We will classify the universal multiunfoldings and the Maxwell sets. 

Finally, we note that the catastrophe changes when some symmetry is present. An example is the 
toroidal event horizon studied in Refs. [2] . This is not a universal unfolding but an unfolding with infinite 
codimension. 
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3 The Maxwell set: Stability and genericity 



Now we give the mathematical framework to study the Maxwell set. The Maxwell set of a function 
unfolding is the set of all values of the parameters for which the minimum is attained either at a non- 
Morse critical point or at two or more critical points. In the following we sometimes make i as a 
representative of the state variables and u the control variables. Of course, F is not a global function 
on R" x W rather a function on manifold M x U, where M is two-dimensional compact manifold and 
U is an open subset of R 3 . We will mainly deal with function germs instead of functions, since we are 
only concerned with local properties of a function on some neighbourhood of u € U, To treat this, 
we introduce a germ of map which is an equivalence class of maps at a neighbourhood W. A function 
F : M x U — > R can be considered as a family of functions f u : M — > R with /„ = F(», it). 

Definition (Unfolding). A function F : M x U — > R is called an unfolding of a function f Uo at uq. 

Definition (Maxwell set). For a function unfolding F : M x U — > R on a compact manifold M, the 
Maxwell set BMaxwcn(F) of F is a subset of U given by 

BMaxweii(F) := {u G U\f u has two or more global minimum points}. (8) 

In the investigation of the Maxwell set we mainly focus on its local structure because the global 
structure is obtained by the combinations of local ones. Below we extensively use the notion of the germs 
of objects which provides the best way to characterize their local structure. Let M, N be C°°-manifolds. 
We denote the set of C°°-maps from M to N by C°°(M, N). 

Definition (Map germ) . Maps /, g e C°° (M, N) are equivalent at Xq if there is a neighbourhood W 
of x such that f\w — g\w- A map germ f at x , [f) xo , is the equivalence class of /. It is also denoted 
by / : (M,x Q ) -> N or / : (M,x Q ) - (NJ(x )). 

Examples of map germs include function germs and diffeomorphism germs. 

Definition (Set germ). Subsets X, Y of M are equivalent at xq if X n W = Y n W for each neigh- 
bourhood W of xq. A set germ (X,xq) of X at xo is the equivalence class of X. Set germs (X, xo) and 
(Y, yo) arc diffeomorphic, (X, xo) ~ (Y, yo), if there is a diffeomorphism germ (f> : (M, xo) — » M such that 

(0(A),0(x o )) = (r,yo). 

Definition (Unfolding germ). Function unfoldings F and G are equivalent at u if there is a neigh- 
bourhood W of uo hi U such that F|mxvk = G\mxW- An unfolding germ F : (M x U,M x {u }) — > R, 
or [F] Uo , of /„„ at M is the equivalence class of F defined by this equivalence relation. 

We usually call unfolding germs defined above, which are germs with respect to U only, simply as 
unfoldings. Later we will define unfolding germs with respect to both M and U, which we will call 
unfolding germs. 

Below, we will determine the topological structure of C°° (M, N) where all the maps that we treat are 
included. We define a topology of C°° (M, N) by the r-jet space J r (M,N) below. 

Definition (Jet space). Let / e C°°(M,N). The r-jet j r f(x ) of / at x is the equivalence class of 
/ in C°°(M, N) where two maps are equivalent if all of their s-th partial derivatives with 1 < s < r, in 
some coordinate systems of M and N, coincide. The r-jet space of C°°(M, N) is defined by 

J r {M,N) := {ff(x Q )\f e C°°(M,N)}. (9) 

(vn ~\~ t \ 
I -dimensional manifold, where m = dimM and 

n = dimA^. 

Now we endow the space C°°(M, N) with the Whitney C°° topology. 
Definition (Whitney C°° topology). For an open subset O of J r {M,N), let 

W r (0) := {/ e C°°(M, N)\j r f(M) C O}. (10) 
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The Whitney C°° topology on C°°(M, N) is the topology whose basis is 

DO 

\J{W r (0)\0 is an open subset of J r (M, N)}. (11) 

r=Q 

Hereafter we treat that C°° (M, N) as a topological space with the Whitney C°° topology. Now we 
can define stability of the Maxwell set using this topology. 

Definition (Stable Maxwell set germ). An unfolding, 

F : (M xU,M X {u }) -► M, (12) 

is stable with respect to the Maxwell set if for each neighbourhood W of uq there exists a neighbourhood 
U of F in C°°(M x f7,R) such that for each G £ U there exists v £ W such that {B Ma ,xwci\(F) , u ) ~ 
(SMaxweii(G), vo). We call (-BMaxwciK-F), uo) a stable Maxwell set germ. 

In this sense, our aim is to classify the stable Maxwell set germs of the Fermat potential F. 

Since we have defined the topology of C°° (M, N) , now we can formulate the genericity of a class of 
smooth maps. A subset of a topological space X is nowhere dense if its closure has no interior. A subset 
of X is residual if its complement is a countable union of nowhere dense sets. The space A is a Baire 
space if every residual set is dense. 

Definition (Genericity). A property P of / £ C°°(M, N) is generic if the set 

A P := {/ S C°°{M, N)\P{f) is true} (13) 

is residual in C°°(M, N). 

When P is generic, Ap is dense in C°°(M, N) and any g £ C°°(M, N) is approximated by a map / 
satisfying P. f £ Ap, Furthermore, Ap, the set on which the negation of P holds, is not generic. This 
is because of the following (e.g. |ll|h: 

Theorem 1. C ca (M,N) with the Whitney C°° topology is a Baire space. 

To prove a generic property, transversality theorems are fundamental. In particular, we make use of 
the Multitransversality Theorem by Mather below. 

Definition (Transversality). Let / £ C°° (M, N) and let Q be a submanifold of N. The map / is 

transversal to Q at x if either of the following holds: 
(1) U{T x M)®T m Q = T f[x) N, 
Wf(x)tQ. 

The map / is transversal to Q if it is transversal to Q at every x £ Q. 

Theorem 2 (Multitransversality Theorem by Mather ^ . Let M, N be C°° -manifolds and let 
QitQs,— be a countable family of submanifolds ofj e J r (M, N). Then the set 

T := {/ £ C°°{M,N)\ k ff is transversal to Qi,Q 2 ,-} (14) 

is residual in C°°(M,N). 

This theorem is fundamental in our discussion. It states that transversality to a countable family 
of submanifolds is a generic property. Therefore the properties deduced from this theorem will also be 
generic. In the rest of the paper, we shall show that any stability and genericity of a Maxwell set is 
equivalent in a certain sense (Theorem |3| 3 and carry out a topological classification of stable Maxwell 
sets. 

3 This is true when (dim M, dim N ) are nice dimensions 1131 . For example, if the dim £7 > 5, stability does not imply 
genericty. In our case, however, we have N = R and it is known that (dim M, dim R) = (•, 1) are always nice dimensions. 
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4 Classification of the Fermat potentials 

Let us give the classification of stable Maxwell sets. The definition of the Maxwell set requires the global 
information of the function unfolding F. A simple but crucial observation is, however, that to determine 
the local structure of the Maxwell set, i.e., the Maxwell set germs, we only need the local information 
of F around its global minimum points p%, ...,pk & M. We first generalize the notion of germs to that of 
multigerms. Let be a /c-tuple of distinct points of M, i.e., 

M« :={(x 1 ,...,x k )eM k \x^x 3 fori^j}. (15) 

Definition (Multigerm). Let (xi, X}.) <E M^ k \ A k-fold map germ f : (M, (xx, X}.)) — > N, or 
[f]x 1 ,...,x k , is the equivalence class of / € C°°(M, N), where two maps are equivalent if they coincide on 
some open subset of M which contains Xx, Xk- A k-fold unfolding germ F : (M X U, ((xi, Xk), uq)) — > 
N, or [F]r Xl ^ ^ Xh \ Uo , is the equivalence class of F E C°°(M, R) where two functions are equivalent if they 
coincide on some open subset of M X W which contains (xi, ito)> (xk, uo). A fc-fold germ is also called 
as a multigerm. 

A multigerm can be considered as fc-tuple of simple germs. For example, A map multigerm [F]^ Xl jXk ^ v 
can be considered as fc-tuple of function germs ([/i]^, [fk]x k )- 

Definition (Right equivalence). Function germs / : (M,x) — > R and g : (N,y) — > K are right 
equivalent, [f] x ~ [g]y, if there exist a diffeomorphism germ <fi : (M,x) — > (N,y) and a £ 1 such that 
/ = g o <p + a holds as an equality of function germs at x. 

Definition (Right equivalence at the minimum points). Unfoldings F : (M x U,M x {uo}) — ► K 
and G : (N x V, N x {vq}) —> M arc right equivalent at the minimum points if the following conditions 
hold: 

(1) The functions f Uo = F(u, uq) and g Vo = G(», vq) have the same number of global minimum points, 
px,...,Pk and qi,...,q k , respectively. 

(2) There exist a diffeomorphism multigerm (f> : (M x U, ((px, ■••,Pfe), Wo)) — » (iV x V, ((gi, ...,Pk),vo)), 
a diffeomorphism germ ^ : [U, uq) — > (V, vq), and a function germ a : (U, Mo) — > R such that 

F(ar,u) = G((/)(x,u),ip(u)) + a{u) (16) 

holds with both sides being function multigerms at ((pi, ...,pk),uo). 

The Maxwell set germ of an unfolding is determined only by the unfolding multigerm at the minimum 
points: 

Proposition 1. If unfoldings F : (M x U,M x {uq}) — > M and G : (M x V, M x {«o}) — * R ar e n^/it 
equivalent at the minimum points, then their Maxwell set germs are diffeomorphic. 

Proof. Follows directly from the definitions of right equivalence and of Maxwell set germs. □ 

Now we have completed the preparation. We will investigate stable structure of the function unfolding 
and its Maxwell set. 

Definition (Stability at the minimum points). An unfolding F : (M x U,M x {uq}) — > R is 
stable at the minimum points if for each neighbourhood W of uq there exists a neighbourhood U of F in 
C 00 (M x U,R) such that for each G ElA there exists v £ W such that [F] uo ~ [G] vo . 

From Proposition ^ we immediately have the following proposition. 

Proposition 2. If an unfolding F : (M x U, M x {uq}) — > R is stable at the minimum points then 
(BMaxwe\\(F),Uo) is a stable Maxwell set germ. 

To discuss the stability, we study the orbit of diffeomorphism on some standard functions in J r (M, N) 
and its transversality. We will stratify J r (M,N), i.e., decompose the J r (M,N) into the union of sub- 
manifolds (strata) |14|. 
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Definition (Strata). 

:= {ff(p) € J r (M, R) | / is regular at p}, (17) 

A k := {j7(p) G J r (M,R) | [/]„ ~ [±x\ +1 ± ^] }, (18) 

A := {j r /(P) € J r (M,R) | [f] p ~ [i^iXiX^o}, (19) 

£ 5 := {j r /(p) € J r (Af,R) | ~ [±.t? ± x 3 ] }. (20) 
The following is well discussed |14| : 

Lemma 1. (1) Aq is an open subset of J r {M, R) hence is a submanifold of codimension 0. 
(2) Ak is a submanifold of J r {M, R) of codimension k + 1. 
(5) D4 and E§ are submanifolds of J r (M, R) 0/ codimension 5. 

(4) £ := J r (M, R) — (Jfc=o — D± — E5 is the union of a finite number of submanifolds of codimension 
6 or greater: 

£ = Wi U ... U W a . (21) 

Definition (Natural stratification). The natural stratification of J r (M, R), where r > 4, is the one 

given by 

S{J r (M, R)) := {A , A l5 A 4 , D 4) £ 5) Wi, W s }. (22) 

We also extend the concept of jet space to multijet space. 

Definition (Multijet space). The k-fold r-jet, or simply, r-multijet, kj r f of / : M — ► R at (x%, x k ) G 
JlfW is 

U r /(zi,-,*fc) := (//(^i),-,i r /(^))- (23) 
The r-multijet space k J r (M, N) is given by 

k J r (M,N) :={ k ff( Xl ,...,x k ) G (.T(M,iV))*| 

(^i,..,^)eMW}. (24) 

The map k j r f ■ — > k J r (M,N) is called an r-multijet section. 

To classify event horizons in a four-dimensional spacetime, we assume that M is a two-dimensional 
compact manifold and U is diffeomorphic to R 3 . Then, because dim(Mx U) = 5, it is sufficient to consider 
the 5-fold 5-jet, $J 5 (M, R), Let us dehnc a natural stratification of the multijet space k J 5 (M,M.). 

Definition (Natural stratification of k J 5 {M, R)). The natural stratification of k J 5 (M,M.) is the one 
given by 

S( k J 5 (M,R)) :={A k r\X 1 x ... x X k \Xi, X k G <S(J 5 (M, R))}, (25) 

where 

A fe :={0' B /i(Pi),».,i B /fc(Pfc)) e k .f{M^)\h{ Pl ) = ... = / fc (p fc )}. (26) 

The following lemma is easily shown. 

Lemma 2. Let M, N be C°° -manifolds and let f : M — > N be a C°°-map. Let S be a a C°° -submanifold 
of codimension c. Then for each x G M there exists a neighbourhood W of f(p) in N and a C°° -map 
g : W -> R c such that 

rankc%=c, SnW = g~ 1 (0), G R c , (27) 

where dg^ : — > T g ^R c is the differential map of g at £. Moreover, the following two conditions are 
equivalent: 

(1) f is transversal to S at x. 

(2) iankd(g o f) x = k. 
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Theorem 3. Let F : [M x U, M x {uo}) — > K be an unfolding and let pi, ■■■,Pk be the minimum points 
°f fu = u o)- The unfolding F is stable at the minimum points if and only if the multijet section 

k j 5 F : AfW x U -> fc J 5 (Af,R) (28) 

is transversal to the natural stratification S( k J 5 (M,M.)) at ((pi, ...,pk), uq) € (R 2 ) fe x U. Furthermore, 
such F falls into one of the following four cases. (Below Oi € R 2 are the origins of local coordinate 
systems (xi,yi)). 

(1) k = 1 and F is right equivalent at the minimum points to either 

Ai 0, y, u) = x 2 + y 2 at (0, 0) £ I 2 x M 3 , (29) 



A 3 (x, y, u) = x 4 + u 2 x 2 + u x x + y 2 at (0, 0) £ I 2 x R 3 . (30) 

(2) k = 2 and F is right equivalent at the minimum points to either 

(A 1 ,A 1 )=(x 2 +y 2 +u 1 ,x 2 +y 2 )at((0 1 ,0 2 ),0)e (R 2 ) (2) x R 3 , (31) 

or 

(A 3 ,Ai) =(x\ + u 2 x\ +uixi +y\ + uz,x\ +y|) 

at ((0i,0 2 ),0) G (R 2 )' 2 ' x R 3 . (32) 

(3) k — 3 and F is right equivalent at the minimum points to 

(Ax,A x ,Ai) =(x 2 + y\ + Ul ,x 2 2 +y 2 2 + u 2 , x 2 3 + y 2 3 ) 

at ((Oi, O a , Oa), 0) € (R 2 ) (3) x R 3 . (33) 

(4) k = 4 and F is right equivalent to 

{Ax, Ax, Ax, Ax) (34) 
=[x\ +yl+ Ux, x\ + y\ + u 2l x 2 + y 2 + u 3 , x\ + y 2 ) 
at ((Oi, 2 , 3 , 4 ), 0) e (R 2 ) (4) x R 3 . (35) 



Remark 1. The theorem states that stability and genericity are equivalent in the following sense. Stability 
at the minimum points, or, equivalently, being in either one of the four cases above, is a generic property 
of F. On the contrary, when we classify unfoldings by right equivalence at the minimum points, the set 
of all generic unfoldings must include the four cases above. This equivalence exists for any spacetime 
dimensions. 

Proof, (i) The stability implies the multitransversality. 

Let F : (M xU,M x {uq}) — > R be stable at the minimum points. Then there exists a neighbourhood 
U of F in C°° (M x U, R) such that for each G there exists vq S U such that 

F(x,u)=G((f>(x,u),ip(u))+a{u) (36) 

with both sides being function multigerms at ((pi, Uq), where 4>, ip and a are as those in 116(1 . 

From the Multitransversality Theorem, the unfolding G : (M xU,M x {«o}) - ¥ R can be chosen so that 
its multijet section kj 5 G is transversal to S(k J 5 (M, R)). By the definition of S(kJ 5 (M, R)), the action of 
4> on feJ 5 (A/, R) preserves the stratification S{k J 5 (M, R)). Moreover, the term a(u) in (|36|l is irrelevant 
concerning the transversality. Thus, from l|36|l . kj 5 F is transversal to S(k J 5 (M, R)). 
(ii) The multitransversality implies that one of the conditions (l)-(4) holds. 

Let the multijet section k j 5 F : M (k ^xU -> fe J 5 (M,R) be transversal to S( k J 5 (M,R)) at ((pi, ...,p fc ),u ). 



Suppose k > 5. Then the transversality of the multijet section kj 5 F to S(k J 5 (M, R)) at ({pi, ...,Pk),Uo) 
would imply 

k fF ((pi,...,p fc ),ito) ^A fc n4ix ... x Ai. (37) 

because codim (Aft n Ai x ... x Ai) = > 5 and dim(MxU) = 5. For the other strata nli x ... x 
with Xi ^ Ag, the codimension is larger and we would have kj F((pi, ■■■,Pk), u o) ^ &k Hli x ... x X^. 
This would contradict with the fact that pi, ...,Pk are minimum points. Thus the cases with k > 5 cannot 
occur. 

When k = 1, the statement is a direct consequence of Thorn's elementary catastrophe theory. 

When 2 < k < 4, let the multijet section kj 5 F be transversal to S(k J 5 (M, R)) at ((pi, ...,pfc), ito), 
where p\,...,pk are the minimum points of / Uo . Then the jet section j 5 F must be transversal to 
S(J 5 (M,R)) at (pi,uo), i = l,...,k. It follows from the case k = 1 that j 5 F must be in either Ai 
or A3. Thus by considering the codimensions of Ah, Da, E5 and E, the dimension of M x U (=5), and 
the fact that p%, ...,pk are minimum points, we find that the only possibilities are the following, up to 
addition of a function of it: 

(a) k = 2,3,4 and 

F(xi,yi,ui,u 2 ,u 3 ) = xf + yf +cti(u), (i < k) 

F(x k ,yk,u 1 ,u 2 ,u 3 ) = xl+yl, (38) 

(b) k = 2 and 

F(xi,yi,U!,u 2 ,u 3 ) =x\ + y\ +u 2 x\ +mxi +«i(u), 

F(x 2 ,y 2 ,u 1 ,u 2 ,u 3 ) = x\ +2/2, (39) 

where for i = 1, k, (xi, yi, Ux, u 2 , u 3 ) is some local coordinate system in a neighbourhood of (pi, uq) in 
M x U. 

In the following we omit detailed calculations and sketch the proof. In the case (a), one can easily 
construct a map g : fcJ 5 (M, R) — > R 3fc_1 such that A( Pl) ... >Pj .) n A\ x ... x A x = (7 _1 (0), where A( pii ... iPfc ) 
is Afe with the minimum points fixed to (pi, ...,pk)- One can verify that the differential map dg^ is 
nondegenerate for £ e fcJ 5 (M,R). By transversality of kj 5 F to S(kJ 5 (M,R)) at ((pi, ...,pk),uo) and by 
Lemma |2 we find that d(g o fc j 5 F)^ pi ^ ..., Pfc ), U0 ) is nondegenerate. This implies that the Jacobi matrix 
of the map (tti, U2, M3) 1— > (ai(u), afc_i(w)) is nondegenerate. This allows a coordinate transformation 
(ui,U2,u 3 ) i-> (ui,«2,«3) given by 

v.; = Q!j(u), i < k — 1, Vi — Ui, i > k — 1. (40) 

This gives the normal forms in the theorem. 

In the case (b), we construct 5 : fcJ 5 (M, R) — ► R such that A 2 = 5 _1 (0) where dg^ is nonde- 
generate. By transversality of kj 5 F to A 2 n A 3 n Ai at ((pi,P2),«o) and by Lemma |21 we find that 
d(g fcJ 5 ^)((pi,p 2 ),Mo) ^ s nondegenerate. This implies that the following coordinate transformation is 
possible: 

Vi=Ui, V2 = v>2, v 3 — ai(u). (41) 

This gives the normal form in the theorem. 

(m)Each of conditions (l)-(4) implies the stability at the minimum points. 

Let us consider the case k = 2, i.e., let F : (M x U, M x {uo}) — ► R satisfy (2) in the theorem. When 
F is right equivalent to (A3, Ai), the double 5-jet section 2 j 5 F intersects A 2 n A 3 x A\ S 5( 2 J 5 (M, R)) 
transversally at ((pi,p 2 ),uo) € Af' 2 ^ x U. Then, for G : M x U — * R sufficiently close to F, there exists 
Uo € t/ close to ito such that the number of minimum points of g Vo — G(»,Vq) is two and that 2 j 5 G 
intersects A 2 n A 3 x A\ transversally at ((q±, q 2 ), Vq) € x U, where qi,q 2 are the minimum points 

of g Vo . Then from (ii) again, G is right equivalent at the minimum points to (A3, Ai). Since both F and 
G are right equivalent at the minimum points to (A3,Ai), G is right equivalent to F at the minimum 
points. Therefore F is stable at the minimum points. For the other cases, the assertion can be shown 
similarly. □ 
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Remark 2. In the book of Arnold 1151/ there is a statement in general dimensions without proof: The 
Maxwell set of a generic / < 6-parameter family of functions is locally stably diffeomorphic to one of 
the sets (A^), where the [ii are odd and ^2 fJ.i < I + 1, i.e., either to the set with the singularity 
A™{m < I + 1) or to one of the sets of the following table (the types of minimum points are indicated): 



I < 



2 



3 



4 



6 



Type A 3 A,A 3 A\A 3 ,A 5 A%, A\A 3 , A 1 A n A.Al AfA 3 , A\A 5 , A 7 



The notation is according to his book. A\ means (Ai,Ai), etc. 



5 Classification of Maxwell sets 

In this section we reveal the concrete structure of the Maxwell set for each F appeared in Theorem [3J 

Definition (Minimum function). The minimum function fiF ■ U — > R of an unfolding F : M x U — > K 
is given by 

li F (u) :— min{F(a;, u)\x G M}. (42) 

There are two cases when the minimum function [ip has a singularity at u: 

(1) the function /„ has several minimum points in M, or 

(2) the number of minimum points changes there. 

In the case (1) u is a point of the Maxwell set. In the case (2) u is not a point of the Maxwell set but 
corresponds to a point of the endpoint set £ . 

In this paper, we define the boundary of a Maxwell set as follows. An interior point u of a Maxwell 
set -BMaxweii(-F) is such that there exists a C°-submanifold V of codimension 1 of U which contains q 
and which is entirely contained in Byiaxvjc\\{F) . The boundary of i?Maxweii(-F) is the complement of the 
interior of ^Maxwell^) in i?Ma X weii {F) , where i?Maxwcii (F) is the closure of -BMaxwdi^) in U. 

5.1 A 1 

In this case the number of minimum point is one. Obviously, the Maxwell set i?Maxwoii(^li) is empty. 
The minimum function fip does not have singularities. 

5.2 (Ai,...,Ai) 

In this case of (A±, Ai), k minimum points compete, where k can be 2, 3, or 4. When k ~ 2, F is right 
equivalent at the minimum points to 

{A 1 ,A 1 )=(x\+yl+u 1 ,xl+yl) at ((0i,0 2 ),0) e (R 2 )^ x M 3 . (43) 

The minimum function is given by 

Hf{u) = min{wi, 0} (44) 
This is singular on the plane u\ = 0. The Maxwell set germ is given by 

(-^Maxwell (F),0) = ({(«i, «2, «a) G R 3 K = 0}, 0). (45) 

This is a surface (germ) through the origin. The points of (A\, A{) form a surface. 
When k = 3, F is right equivalent at the minimum points to 

(A 1 ,A 1 ,A 1 ) ={x\ +yf +ui,xl +y 2 + u 2 ,x\ +y\) 

at ((0i,0 2 ,0 3 ),0) S (M 2 ) (3) x M 3 . (46) 

The minimum function is 

Hf{u) = min{ui, u 2 , 0}. (47) 
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The Maxwell set is 



-BMaxwcll(^) ={(ux,U 2 ,U 3 )\ux = "2 < 0} U {(ui, U 2 , U 3 )\ux = < U 2 } 

U{(ui,« a ,«3)|«2 = 0<«i}. (48) 

This is an intersecting point of three half planes. The points of (Ax,Ax,Ai) form a submanifold of 
codimension 2 which is a curve when dimJJ = 3. 

When k — 4, F is right equivalent at the minimum points to 

{Ax, Ax, Ax, A{) 

= (x\ + Vi + ux,xl +yl + u 2 , xl + yl + u 3 , x\ + yj) 

at ((0i,0 2 ,0 3 ,0 4 ),0) G (M 2 ) (4) x R 3 . (49) 



The minimum function is 
The Maxwell set is 



/j,f(u) = min{ux, U2, U3, 0}. (50) 

^Maxwcll^) ={{ U 1, U 2,U 3 )\0 >Ui=U 2 < U 3 } 

U {(Ul,ti 2 ,ii3)|0 > U 2 = U 3 < Ux} 

U {(ui,u 2 ,u 3 )\0 >u 3 = ux< u 2 } 
U {{ui,u 2 ,u 3 )\u 2 > ux = < u 3 } 
U {{ui,u 2 ,u 3 )\ux >u 2 = Q<u 3 } 

U{(ui,u 2 ,u 3 )\ux > u 3 = < u 2 }. (51) 

This is an intersecting point of six pieces of surfaces. 

The embedded images for k = 2, 3, 4 are illustrated in Figure [21 

5.3 A 3 

In the case where F is right equivalent at the minimum points to 

A 3 {x,y,ux,u 2 ) =x 4 + u 2 x 2 + uxx + y 2 at (0,0) el 2 x M 3 . (52) 

However, there is only one minimum point exist for u = 0, there u's in the vicinity of the origin where 
there are two minimum points (Ax, Ax). The shape of the graph of the function f u (x) — F(x,0,ui,u 2 ) 
changes as (m, u 2 ) changes around the origin of A 3 . This is depicted in Figure El We have 

Hf{v) = min(.T 4 + u 2 x 2 + uxx). (53) 

X 

The maxwell set germ is given by the condition of the quartic function above having two minimum points: 

(^Maxwell 

(F), 0) = ({(«i, ua, u 3 ) G R 3 \ux = 0, u 2 < 0}, 0). (54) 

The structure A 3 appears on the boundary of the surface formed by points of (Ax, Ax) of the Maxwell 
set, where two minimum points (Ax, Ax) become degenerate. The structure also appears near (^3,^1) 
below. The point A 3 itself (the origin) is not contained in -BMaxweii(-F)- The structure appears at the 
boundary of B Maxwcl i(F). 

5.4 (A 3 ,Ax) 

In the case where F is right equivalent at the minimum points to 

(A 3 , Ax) = (x\ + u 2 x\ + u\x\ +yf + u 3 , x\ + yl) (55) 
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The minimum function is given by 

HfM = min{min/i(a:), 0}. (56) 

X 

where h(x) :— x 4 4- u 2 x 2 + u\x + u 3 . Let x m the minimum point of h(x). Then we have 

h'(x m ) =ixl l + 2u 2 x m + u 1 = (57) 

so that 

ui = -2x m (2x 2 m + u 2 ) =: b(x m ), (58) 
h(x m ) = -3x^ - u 2 x 2 m + u 3 . (59) 

A point of the Maxwell set must satisfy either of the following: 

(a) h has two minimum points and h(x m ) < 0, 

(b) h has one minimum point and h(x m ) = 0. 

The case (a) is the same as the case of single A 3 . The function h has two minimum points if and only 
if mi = 0, u 2 < 0. The minimum value /i(±y— 1*2/2) = u 3 — u\/A must not be positive. Thus the part 
of the Maxwell set for the case (a) is 

u 2 

M x = {{u 1: u 2 ,u 3 )\ Ul = 0,u 2 < 0,u 3 < -j-}. (60) 

Let us consider the case (b). If u\ = 0, then u 2 > must hold. The minimum value is /i(0) = U3. 
Thus we have 1*3 = 0. If u\ ^ 0, then there is always a unique solution of (|57l) which satisfies u\x m < 0. 
This solution x m gives the unique minimum point of h. From 1)58(1 ■ the condition u\x m < can be 
satisfied when 



2x 2 m + u 2 >0. (61) 



From h(x m ) = and (JSSJl, we have 



< = V g (62) 

From (ffTTft and (and itia; < 0), we have 



-2u 2 < ±\Ju 2 2 + 12u 3 > u 2 . (63) 

Thus the plus sign always has to be taken. When u 2 > 0, we have u 3 > 0. When u 2 < 0, we have 
u 3 > u 2 /A. In both cases, from (JSSJ, u\ is expressed by u 2 and U3 as 



Ul=B| wVi + ^2, (64) 



Therefore the part of the Maxwell set for the case (b) is 



M 2 \ {(ui,U2,u 3 )\ui = 0,u 2 < 0, u 3 = -^}, (65) 



where 

M 2 =|(«1,U2,«3)| 



12m 3 + 2u 2 )\j^u 2 + I2u 3 - u a J. (66) 
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The point (As,Ai) is not on the boundary of the Maxwell set according to our definition above. 
The Maxwell set is given by 

B Maxwe u(F) = Mi U M 2 . (67) 

The subset M 2 is diffeomorphic to a part of the bifurcation set of the swallow-tail catastrophe. 

The Maxwell set around {A^,Ai) is depicted in Figure The stable Maxwell set is diffeomorphic 
to the union of the broken swallow-tail {x 4 + U2X 2 + u\x has exactly one real root} and the quadrant 
{u\ = 0, U3 > U2/4} bounded by its line of self-intersection and its transversal. Since the boundary (the 
bold white line in Figure^) is the same as that of A3, it has only one minimum point and is not contained 
in the Maxwell set. On surfaces around (yl3,j4i) the structure is diffeomorphic to (Ai,A{) and the two 
minimum values are degenerate. On the vertex of the surface (A\, A%, A%), three minimum values are 
degenerate. At (A3, A\) these three minimum points are degenerate into two minimum points. 



5.5 The whole structure 

We have enumerated the stable/generic local structure of the Maxwell set. Now it is easy to see that the 
whole of any stable/generic Maxwell set is obtained by connecting the parts in accord with the following 
rules. This shows which Maxwell sets with less minimum points surround the Maxwell set. 

(A 3 ,A X ) 
/ I \ 



(A 1 ,A 1 ,A 1 ) -» (Ax,Ai) 4- [A3] (68) 

\ T 

(A 1 ,A 1 ,A l ,A 1 ) 

An arrow means that the structure at the origin of the arrow has the structures pointed by the arrow 
in the vicinity. The box means that the structure appears at the boundary of the Maxwell set and the 
structure is not contained in the Maxwell set. Though the structure is not a point of the Maxwell set 
but corresponds to a point of the endpoint set of the event horizon. 
In particular, we have the following: 

Proposition 3. The stable/ generic Maxwell set does not contain its boundary. Any point on the boundary 
has the structure A3. Accordingly, no boundary point of the stable/ generic endpoint set £ is contained in 
the crease set C. Any boundary point intersects a unique null generator of TL so that TL is diffenentiable 
there. On the stable/generic crease set, the multiplicity of null tangent is no more than four. 

Here a boundary point q of the crease set C (or the endpoint set £) is defined such that there is no 
C°-submanifold of codimension 2 of M. which contains q and which is contained entirely in C (or £). An 
interior point is a point at which such a submanifold exists. 

We conclude that for stable/generic horizons, 

C = interior^) = ^Maxwell (i^)), (69) 



V = boundary^) = ^{B M ^ c ii{F) fl B(F)), (70) 



£ = ^CBMaxwdlOF)). ( 71 ) 

where ifi is the map defined in Sect.El The set B(F) is the bifurcation set of F which commonly appears 
in singularity theory. Local minimum points bifurcate on B(F). 

The generic embedding of the crease set is depicted in Fig. [5] The endpoint set £ of the horizon is 
smooth and possesses a null tangent plane at the boundary. Since all structure is two-dimensional, every 
generic horizon admits time slices by tori or by higher genus surfaces. 

We demonstrate an example of generic horizon. The generic crease set is composed of the Maxwell 
sets above and an example is depicted in figure |SJ They are combinations of two-dimensional segment 
and the boundary is always A3 which is not contained in the crease set. The topology of the spatial 
section of the horizon can be a torus or higher genus surface or can have many components and its crease 
set has a boundary with regular null tangent plane. 
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6 Other spacetime dimensions 



So far we have assumed the spacetime is four-dimensional. Now we discuss other dimensions. By the same 
line of argument as we have presented, for any dimension, the equivalence of the stability and genericity 
holds. Up to six spacetime dimensions, all Maxwell set germs are enumerated by combination of finite 
elementary catastrophes. For higher dimensions, this does not hold and there will be parametrized family 
of stable Maxwell set germs. 

In a three-dimensional spacetime, U is two-dimensional. The stable Fermat potential unfoldings and 
the Maxwell set germs are those found in the previous sections which include at most two parameters u\ 
and U2- Then there are only two structures. One is (A±, A±). The Maxwell set is given by 



BmhxwcI\(F) = {{ui,u 2 )\u 1 = 0}. 
The other is (Ai, Ai, A\). The Maxwell set is given by 

-BMaxweii(-F) ={(uij «a)|ui = u 2 < 0} U {(ui,u 2 )\ui = < u 2 } 



U {{ui,u 2 )\u 2 — < Ml}. 



The connection rule is given by 



{A 1 ,A 1 ,A 1 



(Ai,A 1 ) 



(72) 



(73) 



(74) 



Thus only possible structure of the endpoint set £ is a binary tree. In particular, the boundary of £ 
does not have an intersection with the crease set C and consists of the points of multiplicity one. The 
multiplicity of the endpoints of the horizon does not exceed three. 

In five dimensions, where U is four-dimensional, the stable Maxwell set germs include the direct 
product of R and each stable Maxwell set germ in a four-dimensional spacetime. New types of the 
stable Fermat potential unfolding F emerging in five-dimensional spacetime are the following three cases 
(Remark 01. 

(1) The unfolding F is right equivalent at the minimum points to 



(Ai,Ai,A u Ai,Ai) 

= (x\ + y\ + ui, ...,x\ + y\ + u 4 , x\ + yf) 
at ((0i,...,0 5 ),0) e (K 2 ) (5) x M 3 . 



The minimum function is 
The Maxwell set is 

where 



^_f(m) = minjwi, u 2 , u 3 , u±, 0}. 

B. Maxwell (F) =( |J My)Ll( |J N>) , 

l<i<j<4 



KK4 



My = {(u\, ...,Ui)\ui — Uj < the other ztj's, 0}, 
Ni = {(ui, 114)114, = < the other it;'s }. 

(2) The unfolding F is right equivalent at the minimum points to 

{A z ,A Xt Ai) 

= (x 1 + u 2 x\ + uixi +y\+ U3, x\+yl + 
at ((0i,0 2 ,0 3 ),0) € (M 2 ) (3) x M 3 . 

The minimum function is given by 

Hf(u) = minjmin h(x), 1x4, 0}. 



(75) 
(76) 

(77) 



(78) 
(79) 



U4, x\ 



vl) 



(80) 
(81) 
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where h(x) := x 4 + u 2 x 2 + U\x + 113. In the region u 4 > the Maxwell set is the same as that of (A3, Ay). 
In the region w 4 < it is the same as that of (A3, A\) but U3 is replaced by 1*3 — 1*4. We have 

^Maxwell 

u 2 

= {(ui,u 2 ,u 3 ,U4,)\ui = 0,u 2 < 0,u 3 < ^,u 4 > 0} 

V2 



f v 2 / 

U |(ui,u 2 ,U3,u 4 ) |ui| = -^-j=(^jul + 12u 3 + 2u 2 ) 



u 2 + 12?^ 3 — u 2 , u i > \ 



U {(ui,U2,U3,Ui)\ui — 0,u 2 < 0,u 3 - U 4 < ^p«4 < 0} 

f / 

U |(wi,u 2 , u 3 ,U4,) \ui\ = ^=(yu2 + 12(u 3 - u 4 ) + 2u 2 ) 



\J\Ju 2 + I2(u 3 - u 4 ) -u 2 ,u 4 < 0} 



(82) 



(3) The Unfolding F is right equivalent at the minimum points to 

A 5 (x,y,ui, -;U 4 ) 

= x 6 + u 4 x A + u 3 x 3 + u 2 x 2 + u\x + y 2 

at ((0i,...,0 5 ),0) e (K 2 ) (5) x R 3 . (83) 

The minimum function is 

/j,f(u) — minh(x), (84) 
h(x) = x 6 + U4X 4 + u 3 x 3 + u 2 x 2 + u\x. (85) 

We obtain the Maxwell set by considering the function h(x) to have two or more global minimum points. 
The condition is that h(x) must be of the form 

h(x) = {x- af(x - P) 2 (x 2 + ax + b) + c, (86) 

a 2 -4fe<0, a,b,ceR. (87) 

Because h(0) = and h(x) does not have a cc 5 -term , we have 

c=-ba 2 l3 2 , a = -2(a + P). (88) 

Thus, setting s = a + and p = a[3, we have 

h(x) = (x 2 - sx+p) 2 (x 2 + 2sx + b)- ba 2 /3 2 . (89) 

From this equation we obtain a parametric expression for the Maxwell set: 

Bmhxw C ii(F) = {(ui, ...,u 4 )K = -2bps + 2p 2 s, 

u 2 = 2bp + p 2 + bs 2 - 4ps 2 , 
u 3 = -26s + 2ps + 2s 3 , 
u A = b + 2p- 3s 2 , 

Ap<s 2 <b}. (90) 

The connection rule is given by the union of the diagram l|68f) and the following ones. Below only 
connections from the new three types of Maxwell sets are shown. 

(A 3 ,A 1 ) «- (A 3 , At, At) -> [A7 

/ I \ 

(A 1 ,A 1 ,A 1 ,A 1 ) (A 1 ,A 1 ,A 1 ) (A^Ax) (91) 

\ T / 

(A 1 ,A 1 ,A 1 ,A 1 ,A 1 ) 
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T 

(A 1 ,A 1 ,A 1 ) <- A 5 -» (A 3 ,Ai) (92) 
I 

A 

Again, the boundary is always A3. The boundary of a generic £ consists of points of multiplicity one. 
The multiplicity on £ does not exceed five. 

7 Conclusion and discussions 

In this paper, we relate the crease set of the event horizon to the Maxwell set of a function unfolding 
through extended Fermat's principle. We have shown equivalence of stability and genericity of the 
Maxwell set. We have classified the stable Maxwell set, hence the crease set of the horizon, for spacetimes 
of dimension 3, 4, and 5. We have enumerated the parts to construct a stable crease set and have shown 
how we can connect the parts. In particular, the multiplicity is always one on the boundary the endpoint 
set and the multiplicity of the endpoint is less than or equal to the dimension of the spacetime. 

In a four-dimensional spacetime, all generic horizon is possible to be realized as a toroidal or higher 
genus one, since allowed structure is two-dimensional. Furthermore, the number of null generators which 
belong to a point of the crease set is determined. It is concluded that the generic crease set does not 
contain any of its boundary points. 

In some cases or purposes, it may be useful or necessary to treat the stability and the genericity under 
some exact symmetry. Such a symmetry restricts the space of deformations of F and our classification 
here gives only a sufficient conditions for stability or genericity in the new function space. An example is 
numerically generated event horizons in the study of gravitational collapse where some exact symmetry 
such as axial one is imposed. Another example is an black hole in the brane universe scenario, where the 
five-dimensional spacetime has a exact Z2 symmetry. On those situations, the framework of this paper 
would require some modifications. The classification of Maxwell sets under exact symmetries is our future 
problem. 
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Figure 2: Topology of the Maxwell sets for (A\, A\). For (A±,Ai) the Maxwell set germ at is a 
surface (plane) m — 0. For (A\, Ai,A±), the Maxwell set is a direct product of a Y-junction and R. In 
the case of (A\, A\, A\, A{), the Maxwell set is intersection of six pieces of planes each of which contains 
an edge of the tetrahedron whose center is the origin. The numbers of minimum points at each parameters 
are indicated by k. 
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Figure 3: Structure of A3 and the Maxwell set. The shape of the deformation of F(x, 0, Ui, U2) in the 
parameter space [u\, U2) is shown. At the point of the Maxwell set (bold line) two local minimum values 
are degenerate. On the cusp, one of the two local minimum points vanishes. At the top of the cusp (the 
origin), two local minimum points become degenerate. In each case, k is the number of minimum points. 
The origin A 3 is not contained in the Maxwell set. 
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Figure 4: 
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Figure 5: A generic Maxwell set embedded into a spacetime as a crease set (the spatial dimension is 
suppressed to two.). Since its boundary is open, the crease set becomes null there, k indicates the 
number of minimum points. 
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Figure 6: An example of generic crease set. This is composed of two (A 3 ,Ai), which are connected to 
each other through (A\, A\) and (A\,A\,A\). Since the boundary is that of A3 and (A3, A\), it is open. 
k indicates the number of minimum points. 
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